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in this paper different procedures for treating artificial boundaries are analyzed, and
it is shown that many commonly used methods give bad results. A new procedure is de-
veloped for the case where the asymptotic behaviour of the coefficient matrices is known.

1. INTRODUCTION

Many physical problems require the solution of partial differential equations on
some infinite domain £ with boundary @£2. An example is given in fig. 1. For compu-
tational reasons {2 is replaced by a finite domain £2; and the problem arises to specify
boundary conditions at the artificial boundary B, . Consider, for example, the differ-
ential equations for a nonviscous fluid which at subsonic speed leaves €2, through the
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boundary B, . Then there is one characteristic which points back into the region £,

and therefore one boundary condition has to be given. In general, no detailed knowl-

edge of the solution on B, is given and other principles have to be applied. For

example, if one solves the problem by a difference approximation then one often uses
333
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upstream differencing on B, for all the dependent variables (see for example Roache
[4]). This procedure is sometimes combined with overspecifying the solution on the
boundary B, .

Recently, B. Engquist and A. Majda [1] have proposed another principle, namely,
to specify the boundary conditions on B, in such a way that no reflection takes place.

In this paper we want to investigate when these principles garantuee that the solution
of the simplified problem is close to the solution of the original one. A necessary
condition for this is that in £ — £, the solution of the original problem only changes
slowly with respect to space and time. Therefore we can linearize the problem and
we assume that the linearized equations represent a hyperbolic first order system. This
is true for ideal flow problems.

In the next section we consider the model equation

oujot = oujéx, x=0, t =0,

(1.1
u(x, 0) = f(x) for ¢t =0,
on the half line 0 << x < o0 and approximate it by
ovfot = ovfex, 0<x<a, t =20,
(1.2)

v(x, 0) = f(x) for ¢ =0,

on the finite interval 0 < x <C a. The last problem is well posed if we specify boundary
conditions at x = a (but not at x = 0).

We solve (1.2) by the Lax-Wendroff difference scheme. As boundary conditions
for the difference approximation we have a number of different possibilities.

a) For x = 0 we either specify v, for example,

v(0,8) = 0,

or we use an extrapolation procedure
(AD,)? v(0, t) = 0, hD (0, t) = v(h, t) — v(0, ).
For p = 2 this is the usual upstream differencing.

b) For x = a we have the analogous possibilities.

We obtain the following results.

1. For x =0 one shall not overspecify, i.e. v shall not be given. Upstream
differencing gives good results.

2. If f(x) ~ const. for x > a then
hD_v(a,t) = v(a,t) —vla—h,t) =0 (1.3

can be used. Upstream differencing at x = a can give completely wrong results.
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3. The principle of no reflection at x = a is useful only if f(x) ~ const. for
X = a.

In section 3 we show that the corresponding conclusions hold for systems
ovfot = A dvjox

where A4 is a constant matrix.
In section 4 we make a thorough investigation of systems with variable coefficients

dujot = A(x, t) dujox.

We show that extrapolation procedures or the principle of no reflection is useful
only if A(x, ?) is essentially independent of x for x = a, or that the solution is highly
oscillatory in time.

If one knows the asymptotic behavior of A(x, ¢), for example,

A(x’ t) == AO + x_2A1(x: t)

then one can derive new principles, which are useful for steady state calculations.
The last section is concerned with system

dufot = A oufox + B dufdy

in two space dimensions. The above principles are useful if the influence of B dufdy
is small, i.e. the problem is essentially one dimensional. For cases where this does not
hold we again construct new principles.

In many applications the time dependent equations are used to obtain the steady
state solution. We shall also study the effect of our boundary conditions on the
convergence rate to the steade state.

2. THE MoDEL PROBLEM

We want to solve the differential equation (1.2) by the Lax-Wendroff scheme. Let
k >0, h = a/N, N natural number, denote the time step and the space step respec-
tively. The gridpoints are given by x, = vh, 1, = nk, v =0, 1,..., N;n =0, 1, 2,...;
and the gridfuntions by w,» = w(x, , t,). We approximate (1.2) by
+ k*
Wil = (1 + kDy + D+D,) w0 <wv <N,
2.1)

wVO - Jv
where

2,7D0Wv =Wy — Wep, hD+wv = W, — W,, hD_w, = W, — Wy,
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denote the usual centered, forward and backward difference operators respectively.
We assume that k/h << 1, which grantuees that the approximation is dissipative.
We first study the case that proper boundary conditions
(hD)'we» = 0,p = L, wy" =g 22
are given. Then the approximation (2.1), (2.2) is stable (see [2]) and in every finite

time interval the solution of (2.1), (2.2) converges for A — 0 to the corresponding
solution of (1.2) which satisfies the boundary condition

va, t) = g. 2.3)

We now study the behaviour of (2.1), (2.2) for 1 — oo with fixed k, #. We have

THEOREM 2.1. Let k, h be fixed. The solutions of (2.1), (2.2) converge exponentially
fast to the steady state solution

w,=g, v=0,1.,N 24

as n-— o,

Proof. We write (2.1), (2.2) in matrix form
wrtl = Qwm + b, b = (0, 0,..., 0, g)’ (2.5)

where W = (Wg ,..., wy)' is a column vector and Q an (N + 1) X (N - 1) matrix.
It is well known that the solutions of (2.1), (2.2) converge to the steady state solution
(2.4) if and only if the eigenvalues z of Q satisfy | z| < 1. The eigensolutions ¢ have
the form

b, = o1k -+ Ok, v=0,1,2,..,N, Ky 7 Ky
where i , «, are the roots of
zie == 1 + FA(k® — 1) - 123 — 1)2 (2.6)
& must satisfy the homogeneous boundary conditions (2.2), i.e.
oy(y — D? + ag(ky — 1)? = 0, o,V + ooy = 0.

This system has a nontrivial solution if and only if

(rey — DPip™ = 1My — D" 2.7
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An easy calculation shows that for sufficiently small 4 the relations (2.6) (2.7) imply
lz] <1—38,8>0 independent of 4

for all eigenvalues of Q. This proves the theorem.
We next investigate the case where we use extrapolation also at x = a, i.e. we

replace (2.2) by
hD wy" = hD wi_; = 0. (For simplicity we set p = 1.) (2.8)
In this case we have

THEOREM 2.2. Assume that v(x, 0) = f(x) is a smooth function with df(a)/dx = 0.
Then the solutions of (2.1), (2.8) converge for h— 0 to the solution of (1.2) which
satisfies the boundary condition

v(a, t) = f(a) 29)
Proof. Let
W = D+Wv", Vv = 0, ls 2,---a N—-1

Then #@," is the solution of (2.1) which satisfies the initial and boundary conditions
' =D.f,, v=12,..,N—2; B =dn, =0, n=0,1,2,...

S. Parter [3] has shown that the #,” are uniformly bounded and for any § >0

sup [ px,, t) — @[ -0 as h—0. (2.10)

o<, <a, 05, LT

Here y is the solution of (1.2) with initial and boundary conditions
y(x, 0) = df(x)/dx, y(a, t) = 0 = df(a)/dx.
Therefore we have also that
]'gr(} Dwi_, =y(a, t,) =0, lhlgg hD, D_whi_y =0
and by (2.1)

= 0, ie. 1}1;113 wr_y = f(a).

Now

N-2 N-2
wit = — Y DW= whey = — Y @ — wh,

v=j v=j
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and by (2.10)

sup lo(x,,t) — w(x,,t)] >0 as h—0,
6<w,<a,0<,<T

. (2.11)
ox, 1) =f(@) — [ ¥l 1) d.

v(x, t) is the solution of (2.1) which satisfies the boundary condition (2.9). Also, for
0 < x, < & we have

I v(xv ’ t) - W(X,, » t)‘ < \ v(xN’ t) - W(‘;é: t)l + I v(xv s t) - U(st t)!
(&, ) — w(x, , 1) < const. S, 2.12)

where & = x, is a gridpoint with 8 <{ x, <{ 8 + 4. This proves the theorem.
For steady state calculations we have

THEOREM 2.3. For fixed k, h the scheme (2.1), (2.8) is weakly convergent as n — o
i.e. the limit function w* depends on the initial values.

Proof. We write (2.1), (2.8) again in the matrix form (2.5). An easy calculation
shows that z = 1 is a simple eigenvalue corresponding to the eigenfunction ¢ =
const.. All the remaining eigenvalues satisfy again [ z | <{ 1 — 8 < 1. This proves the
theorem.

Thus the steady state depends on the initial function f(x). If we replace f(x) by
f(x) + const., then also the steady state changes by this constant. Observe that the
rate of convergence is the same as in theorem 2.1.

As a third alternative we consider

we' =g, hDywy, =0, (2.13)

i.e. the boundary values are given on the “wrong side”. This corresponds, for example,
to the subsonic case in fluid mechanics where all the variables are prescribed on the
inflow side. In a similar way as theorem 2.2 on can prove

THEOREM 2.4. Assume that the conditions of theorem 2.2 are satisfied. Then the
solution of (2.1), (2.13) converges for h — 0 on any finite domain 6 < x <a,0 <t < T
to the solution of (1.2), (2.9).

For steady state calculations we have

THEOREM 2.5. For fixed k, h the solution of (2.1), (2.13) converges for n->
to the unique steady state w,° =g, v =0, 1, 2,..., N if and only if N is odd. Also, the
speed of convergence is extremely slow.

Proof. The condition (2.7) for the existence of a nontrivial solution becomes now

(g — 1) et = &l (i, — 1) (2.14)
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Using (2.6) and (2.14) an easy calculation shows that there is one eigenvalue of the
form

2—A(1—)\)N—1’ A kh,

while all the other eigenvalues satisfy | z| << 1 — § < 1. Therefore, we obtain growing
solutions if &V is even, but converging solutions if N is odd. The rate of convergence in
the last case is determined by the above eigenvalue, i.e. it is extremely slow. Further-
more, the solution will contain oscillatory components near the boundary.

For converging solutions the steady state is given by

W° = oyK," + ogicy’ (2.15)
where k, , k, are the roots of
kB—1+AMe— 12 =0,ie. 00 =1 —=A)/(1 + A), x5 =1
w,® must satisfy the boundary conditions (2.13). Therefore

oy + o, =g 0'1Kiv_1('<1 -1+ 02’4_1("2 —1=0

which gives us o; = 0, o, = g and the theorem follows.

By theorem 2.4 the solution of (2.1). (2.13) converges to the solution of (1.2), (2.9)
on every finite time interval. Since v(x, t) = f(a) for ¢ > a this seems to indicate a
contradiction to the result of theorem 2.5. However, it can be explained in the following
way. For fixed values of k, &, a typical calculation will after a relatively short time
give a good approximation of u(x, t) = f(a), but it will later change very slowly and
finally converge to g. The following calculation illustrates this point. We compute
the solution of (2.1), (2.13) on the interval 0 < x < 1 using

w? =f =sinx,, w,"=~hDwy,=0

as initial and boundary conditions. The figures show w(2/3, t) as a function of time in
two different scales. It is very tempting to consider the solution as a steady state after
a relatively short time. However, as can be seen from fig. 3 and fig. 4, the solution at
t = 2 has nothing to do with the final steady state.

We can also use higher order extrapolation at the boundary

(hD,)? wy" = (WD)’ wh.p, =0, p>1, (2.16)
The condition (2.7) for a nontrivial solution becomes
(kr — 17 (e — 1)° (e ” — 7 ) =0
and there is an eigenvalue z = 1 of order p which has only one eigensolution. There-

581/30/3-3
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fore there are solutions which grow like ¢! and for steady state calculations no

convergence will occur.,

For calculations on a finite time interval, we can, using the same technique as in
theorem 2.2, prove that the solutions converge for £ — 0 to a solution of (1.2) which

satisfies the boundary condition
0%v(a, t)/ox? = 0.

o |

sin 1 "/"'—_\

Y.

P

FIGUre 3

uA

sin1 +

y

80
FiGure 4
The results in this section can also be generalized to equations
ovjot = « ov/ex, a>0
and difference schemes
witl = (I + akD, + BK*D,D.) w,".

Stability for the Cauchy problem requires
B<3 A <28 where A= ak/h.
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We note in particular, that for the case of overspecification at x = 0, we get conver-
gence to a steady state if and only if at least one of the following conditions is satisfied.

1. Nisodd, 2. X < 28.

Therefore, by strengthening the von Neumann condition, we can avoid the restriction
on N. However, the speed of convergence is still extremely low.

3. DIFFERENCE APPROXIMATIONS FOR SYSTEMS WITH CONSTANT COEFFICIENTS

In this section we will make a few comments on the numerical solution of systems
ojor = Adwjex, O0<x<a

where ¢ = (8W,..., &™)’ is a vector function with #» components and 4 a constant
n X n matrix. We assume that 4 can be transformed to diagonal form and that the
eigenvalues of A4 are real and nonzero, i.e. there exist a nonsingular transformation §
such that

4, 0
— S-1 — 1
A = §14S = (0 /12) (3.1)
where
A 0 e 0 Agg O+ v v e e o 0
a=|0 20 )0 A= M 00 %) <0 6o
0+ -« 0 X, 0 -« -- 0 A,
are positive and negative definite diagonal matrices respectively.
The Lax-Wendroff scheme is given by
@yt = (I + kAD, + k*A*D. D) %", 0 <v<AN. 3.3)

To determine its solution we have again to specify boundary conditions at x = 0 and
x = a. If the boundary conditions are of the same type for all components of @, for
example

@ =§  hD, @, =0, (3.4)

then all the results of the last section apply. We need only to introduce new variables
w, == S, to obtain

wyh = (I + kAD, + 3°A’D.D ) w,", 0<v <N

wy" = g, hD Wi =0

(3.5)

i.e. » decoupled problems of type (2.1), (2.13).
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This transformation can also be used to discuss general boundary fconditions. For
example, specify at x = 0 correct boundary conditions and extrapolate at x = a all
variables. Then, after transformation, these boundary conditions become

()" = Ro(wd)" -+ (&) (D) ()" = QDY (i)', (5

hD+Wz_1 — 0.

Here w!, w' correspond to the partition of A and R, Q denote (n — r) X r and
r X (n — r) matrices respectively. Then w converges to a solution of

ovjor = A év/ox 3.7
with boundary conditions
"0, 1) = R0, 1) + g, (1), av'(a, t)/dx = 0. 3.8)
By (3.7) the relation 2v'/dx = 0 implies &v!/ét = 0 and therefore
vl (a, t) = v'(a, 0). (3.9)

Thus in steady state calculations the steady state depends on the initial values.

4. GENERAL CONSIDERATIONS FOR PROBLEMS IN ONE SPACE DIMENSION

In this section we consider hyperbolic systems
ofifot = A(x, t) &djox
with variable coefficients in the quarter space 0 < x < oo, ¢ > 0 where the matrix 4
depends smoothly on x, 7. We assume that there is a smooth transformation S(x, #)
such that (3.1), (3.2) hold for every fixed x, ¢. Then we can introduce new dependent
variables « = S~17 and obtain

dujot = A ou/ox + Bu, B = —S-1 aS/ot + S~'A4 &S/ox. “.n
For ¢ = 0 initial values
ulx,0) =f(x), 0<x<c 4.2
and for x = 0 boundary conditions
u'(0, 1) = Ru'(0, 1) + g3'(®), =0 (4.3

are given. Here f(x), gil(¢) are smooth functions, u*' = (u®,..., u"y, ut = (u'"+0,...,
u™’ correspond to the partition of A, and R, is an (n — r) X r matrix. Thus the
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number of boundary conditions is equal to the number of characteristics which enter
the region x > 0, ¢ > 0.

If we want to solve the above problem numerically we have to replace the infinite
interval 0 <{ x <€ oo by a finite one. There are two ways to do this.

1. Determine some transformation of the independent variable x which transforms
0<x<owintod <x<a

2. Replace 0 < x < oo directly by 0 << x < ¢ and find at x = a a function g,'(¢)
such that the solution of

ovjot = A évjox -+ B, 0<x<a t=0 (4.4)
with initial conditions
v(x, 0) = f(x), 0<x<a (4.5)
and boundary conditions
N0, 1) = Rp'(0, 1) + go'(t), e, ) =g'(), t=0 (4.6)
differs at most slightly from the solution of the original problem (4.1)-(4.3).

Connected with the above equations is the following problem. Consider the system
CN))

oyjot = A &yjéx -+ By, x = a, t=0 @7
for x > a with initial values
yx,0=f(x), x=>a (4.8)
and boundary conditions
', 1) = &'@). 4.9

We can express the solution u(x, t) of (4.1)-(4.3) with help of v(x, ¢) and y(x, ). The
following lemma is obvious.

Lemma 4.1,
_(olx, 1), x<a
u(x, t) = Y0, 1), x> a t =0, 4.10)
if and only if
V@, ) =g'(0) = Y@, a1 =2gt)=y"an. (4.11)

We can state this result in another way. Let f(x) be fixed. Then the problem (4.7)-
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(4.9) has for every gil(¢) a unique solution y(x, t). In particular, yX(a, ¢) is uniquely
determined by yY(a, t) = gi'(¢). Thus there is a linear operator R,(¢) such that

yia, t) = Ry(1) y™(a, 1) + bt). (4.12)

Here b'(2) is determined by f(x) and R,(t) depends on y(a, &) for 0 < £ < t. Assume
that R, and b! are known. Choose the function g,!(¢) in (4.6) such that

vi(a, t) = Ry() o' (a, t) + b'(¢). (4.13)
We have

LemmA 4.2, u(x, t) = v(x, t) for 0 < x < a, t > 0 if and only if (4.13) holds. Thus
(4.13) can be considered as the missing boundary condition.

Proof. Assume that v(x, t) satisfies (4.13). Choose gi'(¢) in (4.9) such that y'(a, ¢) =
g2t) = v"(a, 1). Then by (4.12) and (4.13) also y¥a, t) = v'(a, t)and by lemma 4.1
we obtain u(x, t) = v(x, t) for 0 << x < a, t = 0. Conversely, if u(x, t)is a solution of
(4.1)—~(4.3) then it is also a solution of (4.7)-(4.9) and must satisfy (4.12). Therefore,
if u(x, t) = v(x, t) for 0 << x < a, t > 0 then v(x, t) must staisfy (4.13). This proves
the lemma.

In general R,(z), b'(¢t) are very complicated. There are only some special cases where
R, and b' can be represented in a simple way.

1. r=0, i.e. all eigenvalues of A(q, t) are negative, i.e. all characteristics at
x = a point out of the region 0 < x << a, ¢t > 0. In this case y!* = y and the relation
(4.12) is empty. Therefore v(x, t) does not need to satisfy any boundary conditions at
X =a.

2. r >0 but A(x, t) = A(e) is a constant matrix for x >> a. Then the trans-
formation S is independent of x, ¢ and B = 0 for x > a. Therefore we can compute
the first » components of y(x, t) explicitely. They are given by

leading to
yWa, t) = f9a -+ At), j=12,...,r

The relation (4.12) holds with R; = 0 and &' = (fW(a + Af),..., 7 (a -+ A1),
Tt is clear that v(x, t) depends very much on the initial values for x > a. There is
only one simple case, namely

J(x) = f,, = const. for x = a.
Then (4.13) becomes
vla, t) = f 4.14)
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v'(a, t) can also be obtained in a fairly simple way if we require only that B has the
form

. Bll O
B = (Bm B22).
(4.14) is equivalent with
ovl(a, t)/ox = 0, (4.14)

because (4.14)" implies ov'(a, t)/ot = 0,1.e. v'(a, t) = v'(a, 0) = f!. Thus the boundary
conditions (3.4) (extrapolation of all the variables at x = @) can be used.

Without restriction we can assume that f,, = 0. Otherwise we would consider the
function # = u — f, . Then also »' = 0 and the relation (4.13) becomes

a, t) =0, for ¢t = 0.

The last relation means that we set the characteristic variables associated with the
“ingoing™ characteristics equal to zero, or as B. Engquist and A. Majda [1] call it,
that no reflection takes place at the boundary. Therefore this principle is useful if we
subtract from the solution its constant state at infinity.

3. f(x) = 0for x == a, B =~ 0, but the solutions are highly oscillatory in time, i.e.
yMa, 1) = g'la, t) = eI(r)

where | w | > 1 and ¢(¢) is a smooth function. Assume, for simplicity, that A and B
do not depend on ¢z. Then we can solve (4.7) by Laplace transformation. The trans-
formed equations are

sy = A djldx + By, $(a, 5) = §'(a, ),
which can be written as
dpldx = s(At — s2ABY, $U(a, 5s) = g1l(q, s).

We want to solve this equation for | s|> 1. Then s~2/-1B can be considered as a
perturbation of A~ and in first approximation we can neglect B which leads us to the
previous case. In general we can obtain the solution as an asymptotic series in s~1.
Therefore also R, has this form. By using the inverse of the Laplace transform, (4.12)
can be written as a relation between time derivatives of the solution.

From now on we shall always make

Assumption 4.1. f(x) = 0for x > a, i.e. b'(t) =0
Assume that 4 depends on x, t also for x 2> a. Then B 5= 0 and in general yI, p!
are coupled and we cannot determine R,(¢) without making detailed calculations of
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y(x, t). Only if A(x, t) converges to a constant matrix 4, as x — oo we can do better.
We make

Assumption 4.2. The matrix B(x, t) can be written in the form
B(x, t) = ¢(x) By(x, t) (4.15)

where #(x) is a scalar function with

[ 160 dx < c (4.16)
and
1Bl = sup [By(x,0) <L @.17)
a<r<o,t>0

Here | By(x, t)| denotes the maximum norm at the point x, ¢.
Assume for example that 4 is of the form

AC) = Ao+ 5 A5 D), x>a

and that the eigenvalues of A4, are all distinct. Then S is of the form

S =8, - ?lel(x, 1, e B =%Bl.
Thus
¢ = const./x2, foo | ¢ | dx < const./a.
We need

LemMa 4.3. Consider the system
dyjot = A dylox + H(x)G(x, 1)
for x = a, t = 0 with zero initial and boundary conditions
yx, 00 =0 for x=zay¥a,t)=0 for t=0.
Assume there is a constant Ay > 0 such that
inf | 2] >N (4.18)

Then
Iyl < el Gl Iyl = iutpi [y® .
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Proof. We need to prove the estimate only for scalar equations
ayjor = Nx, 1) dy/ox + d(x)G(x, 1)
with appropriate boundary conditions. Using the method of characteristics we obtain
dylds = $(x)G(x, t), dt/ds = 1, dx|ds = —X(x, 1).
Therefore
x50, 10 = | [ 46 Gx9), 16 ds | <1 G [ [ dixtoD) ds
<G [ 1@ 1@ dx < (@A) |G,

which proves the lemma.
The last lemma gives us

THEOREM 4.1. Assume that the assumptions 4.1 and 4.2 are valid and that (4.18)
holds. If ¢/Ay, < 1 then the solution of (4.7) can be obtained by the iteration process

Y na/Ot — 4 Pnia0x = ?S(x) By(x, t) y,

Ya(%,0) =0, yia(a, 1) = &'(0), (4.19)
n=20,1,.; yolx, t) = 0.

Proof. Let ¥,,1 = Vyu.1 — ¥y . By lemma 4.3
[ Fral < /A Fnl,  n=1,2,..

and the convergence follows. This proves the theorem.
In the usual way we obtain the estimate

hy —nl < Z 170 < -—c/)‘— 1 y2 — yull = O(c/A))

and by (4.19)

yll(xa t) = O (4 20)
on'for — Ay ayfer =0, H(x, 00 =0, e, 1) = gl's).
Thus if we allow an error of order 0(c/),), extrapolation or the principle of no reflec-

tion at x = q is appropriate. If this error is not acceptable then we have to compute
y,! defined by

3}’21/3’ -4, ay;/ax = d’Bny{I, yzl(xs 0) =0, (4.21)
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where B, is defined by

5= (a o)

Then
1y' = ¥l = O(c/A)),

and we assume that this error is tolerable.

If one is interested in the whole time dependent process then not much is gained
because to compute y,!(a, ) as a function of g'(¢) we have tosolve (4.20) and (4.21)
completely. Thus one should instead make a so large that an error of order 0(c/A,)
can be tolerated.

There is one exception. If ¢|| By, || is small, i.e. the in- and outgoing waves are
almost decoupled, then y,! is almost zero and the complete solution is essentially
given by (4.20). In this case the principle of no reflection is appropriate.

The situation becomes more favourable if we are only interested in the steady
state solution, i.e. consider the case that

&'() = g'(0) and  By(x, 1) — By(x),  ¢(x, ) - A(x).
Then for t — o

J’1I =0, J"il - gi'(oo), J’2I(x) - f ‘/’Al—lBlz d¢ g{'(oo).

Thus y, satisfies in the limit the relation

ya = Cel) €= [ ¢A7B, dt.

Therefore, by lemma 4.2, we should use for v(x, f) at x = a the boundary conditions
vi(a, t) = Cv'¥(a, t).

Observe, however, that one has to know the asymptotic expansion of 4 in detail to
compute C.

5. PROBLEMS IN Two SPACE DIMENSIONS
We start with an example. Consider the system

G=(o 2a+( o% =0 (5.1)
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on the domain £ as given in fig. 1 or fig. 2. For ¢ = 0 initial values
ux,y,0) =ov(x,»,0), (x,yef, =0, (5.2)

and for (x, y) € 0£2 boundary conditions are given. In particular we assume that on
B,
0, y,t) =Ny, t=0, x=0, (5.3)

and on By, B,
u(x, y,t) =0, (x, y)e By U B,, t = 0. (5.4)

Without restriction we can assume that By, B, are given by x = a, y = 1 and
x = a, y = 0 respectively.

We want to determine the solution of the above on £, only. Therefore we need one
relation between u, » on B, . The boundary conditions (5.4) imply that for x > a the
solution of our problem can be expanded in Fourier series

u= Y i, w t)sin mwy, v=7>5(x,1)+ Y Ux, w,1)cos mwy. (5.5)

w=1 w=1

Introducing (5.5) into (5.1) gives us for x > a

8,0t = —at,/ox, (5.6)

&, w=12... (5.7)

’6330;“ (%l B1)%?+"‘”(1 0

For every fixed frequency w == 0 the system (5.7) is of the same form as the onedimen-
sional problem (4.1) and the results of the last section apply. If we Laplace transform
(5.7) with respect to ¢t and we are only interested in solutions with | s | > | w | then
we can use the same kind of asymptotic expansion as before.

If | s | €| w|,1i.e. we are interested in quasistationary problems then we can replace
(5.6), (5.7) by

0 ~1),

86y/0x = 0 (5.8)
(“;1 _01) %ﬁ— + T ((1) =0 w=12.. (5.9)
The solution of (5.9) is given by
i(x, w, t) = —e "™ (q, w, 1), ¥x, w, t) = e~V (g, w, 1),

which gives us for x = a

i(a, w, 1) = —a, w, t). (5.10)
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Therefore we have determined the desired relation

u(a, y, t) = Ro(a, y, 1)

because if we know v then we can expand it in a cosine series and by (5.10) we obtain
the sine series for u. This process can be performed numerically by using the fast
Fourier transform.

It is not necessary that the coefficients of (5.1) are constant. We can also consider
systems
ow (Al(y) 0 )QL ( 0 a(y))a_w
ot 0 =) ox a(y) 0/ oy

where the coefficients depend on y. The steady state solution can again be solved in
terms of eigenfunctions

@ = e<*(y), Real ¥ << 0,

which gives us the desired relation between u and v on B, . Whether this procedure is
feasible numerically depends on how easy it is to compute the eigenfunctions and how
many are needed to represent the relation between u and v.

All the results can be carried over to general hyperbolic systems

owjot = A, dwlox + A, ow/oy.

For example, if we are only interested in the steady state then we can obtain the
desired relations on B, between the components of w by solving the steady state
equations

Ay owjox +- Ay owjoy = 0
in terms of eigenfunction expansions.
We want to point out that there are problems in two space dimensions which can be

transformed into one-dimensional form. Consider for example equation (5.1) on some
domain £2 containing the origin. We introduce polar coordinates by

x =rcos b
y=rsinf
and obtain from (5.1)

ow _ (cos b sinﬂ)ﬂ 1 —sinf cos@)_@i
ot (sinﬁ — cos 8/ or r( cos § sin 8/ 26 °

Defining new dependent variables by

_ (cos 6/2 sin /2

sin /2 — cos 0/2) u=TEOu
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we get the equivalent system

—sin § cos @
cos 8 sin @

~

ot

eu (1 Oyou 1., ou 141 O

o —1)z 77O JTOZ5+ (0 )=
Therefore, if the initial data are such that u(r, 6, 0) is independent of 8, then u(r, 8, ¢)
is independent of & for all ¢, t > 0. In particular, we get a nonreflecting boundary
condition if ! = 0 is specified at all points on 822,
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